Summary. An inverse geodetic singularity problem is considered for a nonhomogeneous spherical planet. The singularity condition is expressed in terms of the density distribution and of the geometrical parameters of the configuration; the condition for the density distribution is deduced which gives rise to singularities of parabolic type in the external gravity field of the planet. The structure of the gravity field in the neighbourhood of the singularities is investigated in detail together with the behaviour of the gradients of the disturbances in the geodetic coordinates.
Introduction
In a previous paper (Bocchio 1981) it has been shown that a geodetic singularity can be generated on the surface of a spherical homogeneous planet by a perturbing cavity with a spherical shape and independent of the cavity radius. An inverse geodetic singularity problem for a non-homogeneous planet is considered here in connection with a perturbing mass deficiency with the same geometry. As previously outlined we will confine ourselves to the case of a non-rotating planet since the geodetic interest is mainly related to singularities of gravitational rather than of kinematical origin. It will be shown that under suitable conditions for the ratio of the density of the layer in which the cavity is buried and the mean density of the planet, infinitely many singularities in the external gravity field of the planet can be found. The local and global structure of the gravity field and the 'loci' of the singularities will be investigated in connection with the zeroes of the total and mean curvature of the equipotential surfaces in the perturbed region.
The perturbed field
Consider a spherical non-rotating layered planet of radius R (Fig. 1 ) with a spherically symmetrical density distribution -which we assume to be uniform within the single layersand a spherical cavity of radius r buried in the external layer. Let u , be the mean density of the unperturbed planet, i.e. of the planet without the cavity, and u, the density of the external spherical shell in which the cavity is buried. Let the unperturbed planet be referred to 'normal' or 'geodetic' coordinates (@, A, U ) and let W = U + T = U -V, be the gravity potential of the perturbed planet, where U is the normal potential and V,= -T is the potential of a homogeneous sphere of radius r and density ue. It has been shown (Bocchio 1981) that with reference to a local Cartesian system with the x-axis northward, the y-axis eastward and the z-axis upward we have (see Appendix and Fig. 1 are the expressions of the unperturbed or 'normal' gravity and the gravity disturbance due to the cavity respectively.
The singularity condition in Cartesian coordinates
Let us assume ( x , y ) as surface coordinates on the equipotential surfaces W(x, y , z ) = constant, which in what follows will be more concisely denoted as 'W-surfaces'. Since in this section tensor notation will be used, a more practical notation will be adopted for the coordinates ( x , y , z), namely x' ( r = 1,2,3).
The first groundform of the W-surfaces referred to (x',xz) coordinates is given by
where a,p is the metric tensor of the W-surfaces referred to (x', x'). Notice that in this section Greek and Latin letters are used for two-and three-dimensional quantities respectively. Since (McConnell 1947) we have that where g , is the metric tensor of the Cartesian system x' -and thus g , = 6 -and It is easy to show that the tensor xL is given by and from (3.2) we obtain thus It can be shown that the contravariant form of the metric tensor (3.5) is given by and thus, taking into account equations (3.5) and (3.8).
K = -(3.10)
In terms of the tensors of the first and second groundforms of a surface the mean curva- Notice that the definition (3.1 1) of H differs by a factor of two from the one given, e.g. in McConnell (1947, p. 205); furthermore the sign of H here is opposite to the one previously mentioned and is such that, e.g. a spherical surface has a positive mean curvature. The mean curvature of the W-surfaces is thus given, considering equations (3.6) and (3.8), by H Z [(w:' w',)(wll w3-w1 w 1 3 ) ' 2 w 1 wZ(w1 w 2 3 -w l 2 w3) (3.12)
Notice that in the origin 0 of the Cartesian system we have from equations (2.2) and (2.3) that w1= w 2 = w 1 2 = w 1 3 = w 2 3 = 0 (3.13)
Singuhrities in the gravity field of a planet and thus (3.10) and (3.12) reduce to
in which, since W,, = W2* on the z-axis, we have that Since the gravity field is rotationally symmetrical with respect to the z-axis we can investigate its structure by simply confining ourselves e.g. to the (x, z)-plane where W2 = W12 = W 2 3 = 0;equations (3.10) and (3.12) thus reduce to
W11-
Since the singularity condition (Brand 1948, pp. 190, 191) where g = y t 6y is the scalar gravity, the singularity condition is thus expressed by the vanishing of the total curvature of the W-surfaces. In the (x, z)-plane we thus have from (3.15) that the singularity condition is (3.19) in which the explicit functional dependence of the condition (3.19) on the Cartesian coordinates is shown in equations (2.2) and (2.3).
Geodetic singularities and the density distribution
The purpose of this section is to investigate if geodetic singularities exist in the external field of a non-homogeneous planet -in connection with the perturbation considered in Section 2 -and under which conditions for the density distribution might occur. A sufficient condition for the singularity condition (3.19) to be satisfied is that WZ2= 0; from the second of equations (2.3) which has the solution r [(u, ~72)'" -11 1 -rR-' (ue ~2 ) ' '~.
Z =
In order to confine ourselves only to meaningful density distributions the hypothesis ue u z < R r-' will be assumed and thus we have that Wzz (0, 0, z) = 0 for z > 0, i.e. in the external field if u e u z > 1.
(4.3)
We can thus say that geodetic singularities can occur in the external field of a non-homogeneous planet due to a spherical cavity buried in its external layer if the density u, of the latter is greater than the mean density u, of the planet. The singularity point on the z-axis with the coordinate (4.2) will be denoted with T (Figs 2 and 3) ; it can be shown -see the following sections -that it is the 'uppermost' geodetic singularity. Notice that in the homogeneous case urn = ue and thus W2, is vanishing in the origin 0 of the coordinate system (x, y, z), i.e. T is on the surface of the planet, as discussed in Bocchio (1 98 I).
5 On the structure of the gravity field in the singularity zone
The existence of geodetic singularities having been proved in the present case under the condition (4.3) we now investigate the structure and geometry of the gravity field in the neighbourhood of the perturbing source. Consider the expression of the total and mean curvature (3.1 5) and (3.16) of the W-surfaces in the (x, z)-plane. Since here W3/(W: t Wi)2 does not change sign, the zeroes and sign of the total curvature (3.15) are thus determined by the product:
We can see that in the origin 0 of the Cartesian coordinate system we have and it is thus proved -due to the continuity of the functions in (5.1) in the external field of the planet -that Wll W3-Wl W13 is vanishing on a curve in the (x, z)-plane, i.e. K is vanishing on a surface C1 in the external gravity field of the planet.
With a similar reasoning we can see that in the origin 0
and we can easily see that for x = D > R we have
W2, is thus vanishing on a curve in the (x, z)-plane and K is also vanishing on a surface X 2 in the planet's external space. Detailed investigations worked out with the aid of numerical techniques show that the qualitative structure of the field is as shown synthetically in Figs 2 and 3. In this connection we can summarize the results obtained as follows. As far as the total curvature of the W-surfaces is concerned two singular surfaces El and C2 are found made up of parabolic points of the field, i.e. points of vanishing total curvature of the W-surfaces. In particular Z2 is the singular surface where the gravity vector has everywhere the same direction, name& the direction of the z-axis, whence on the C1 singular surface we have, being that the following relation holds on the curve of the (x, z)-plane where the left side of (5.6) is vanishing: .7) i.e. the gravity field has a locally constant direction on the surface C1 or, in other words, Z l is the 'locus' of the parabolic 'parallels'of the W-surfaces considered as surfaces of revolution around the z-axis. As far as an interpretation of the local and global aspects of the singularities (5.7) and of the surface C1 is concerned we can say that given a point P' on one side of a W-surface with respect to its parabolic 'parallel' we can find a point P" on the other side of the surface such that the gravity vectors in P' and P" are parallel.
We point out that the region between the singular 'domes' C1 and Z2 is iperbolic in character, i.e. the total curvature of the W-surfaces is there negative whence the field 'outside' & and 'inside ' C is elliptical in character.
If we now consider equations (3.1 2 ) or (3.1 6 ) it could be shown that -which is also confirmed by numerical computations -the mean curvature of the W-surfaces is vanishing on a surface S between the surfaces C1 and C2 (Fig. 3) .
It is interesting to observe, considering equations (3.14) and ( It is worth mentioning that in the region inside S the vertical gravity gradient is reversed, i.e. gravity is increasing in magnitude with height. This can easily be seen considering the third of equations (2.3). We have, beingg = I W 3 I on the z-axis,
which in z = 0 gives (:lo= 8/3nk (a, -( I , ) > 0 (5.10) (5.11) a result which could also be obtained by means of Bruns' formula ag/az = -gH if only we take into account equation (5.8) and the fact that in the origin we have
(5.12) 6 The gradients of the disturbances in the geodetic coordinates and the singularity In Bocchio (1981) the Cartesian expressions of the disturbances in the geodetic coordinates (4, A, U ) were given in the origin of the (x, y, z)-system since this point -in the homogeneous case -was the only non-internal geodetic singularity in the gravity field of the planet. We evaluate here the gradients of the disturbances of the geodetic coordinates along the z-axis. To this purpose we can still use the above-mentioned expressions if only R is replaced by R t z in the formulae. We thus have on the z-axis condition: an application (6.3) We remember that on the z-axis (Bocchio 1981) ar; ae ar ag ae ag aT a€ ar ag ae at aT ae ar at a€ ar a+ ax a u a+ ax a+ a u ax a u ax a6 a u a+ a u ax a+ ax a u -+ _ + -+ --+ --+ + ---ag at-aT ac; at-aT ag ae aT ag ae a r ag ae aT ax a u a + a u a 4 ax a+ au ax ax a+ a u au ax a+ +----+ we can easily check that it is satisfied on the 'top' T of the singular 'domes' Z1 and &.
